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ABSTRACT
A new effective action for the high energy quark-quark scatterings is obtained by applying a
scaling approximation to the QCD action. The propagators are shown to factorize into the
transverse and the longitudinal parts so that the scattering amplitudes are given in terms
of the products of two dimensional S-matrices. we show that our action provides a natural
effective field theory for the Lipatov’s theory of quark scatterings with quasi-elastic unitarity.
The amplitude with quasi-elastic unitarity obtained from this action shows ‘Regge’ behavior
and is eikonalized.
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It is believed that perturbative amplitudes of high-energy scatterings in QCD for the large
value of the Mandelstam variable s and fixed value of t could be expressed in terms of two
dimensional amplitudes. This raised the possibility of an effective description of high energy
scatterings in QCD in the context of two-dimensional field theories. Recently, there have
been some efforts in this direction, notably by Lipatov[1] and Verlinde’s[2]. In particular,
the two-dimensional nature appears in an approximation scheme introduced by Lipatov to
construct an S-matrix which preserves s and u channel unitarity. In QCD, the leading
log approximation[3](LLA) gives rise to the Reggeized gluon propagator. Consequently, the
total cross section rises as σtot ∼ s
∆ which violates the Froissart bound of σtot < c ln
2 s. This
violation results in the breakdown of unitarity in LLA. To remedy the problem, Lipatov
et al. suggested a modification of LLA - known as the iπ-approximation[1]. Alternatively,
Lipatov suggested a field theoretic approach in calculating the scattering amplitudes with
quasi-elastic unitarity. This approximation, named as “the quasi-elastic unitarity(QEU)
approximation”[4], takes into account only soft gluons with small transverse momenta in
the intermediate states of the s and u channels in calculating the S-matrix. In the QEU
approximation for the quark-quark scattering, the scattering amplitude for the box diagram
has been calculated by assuming the quark propagators of the following form:
D− =
1
k− + iǫ/k+
, D+ =
1
k+ + iǫ/k−
, k± = k0 ± k3, (1)
for incident quarks with momenta k±. The gluon interactions are described by the four
particle vertices G,
G(Mρ) =
g2
(2π)3
∫
|q|2≫M2
d2q
|q|2
e−iqρ =
g2
8π2
ln
1
ρ2M2
. (2)
where M is IR cutoff and ρ is the impact parameter. Higher order scattering amplitudes
are obtained by the unitarity condition and dispersion relations up to the subtraction terms.
These subtraction terms have been determined through the evolution equation and the ex-
plicit evaluation of the box diagrams using Eqs.(1) and (2).
The purpose of this letter is to explain the QEU approximation in the context of full
QCD action and to show the ‘Regge’ behavior and eikonalization of the amplitudes in the
QEU approximation. In particular, we propose an effective action of two dimensional nature,
obtained from the Yang-Mills action by applying the scaling argument of Verlinde’s[2]. In
2
this theory, we show that the fermionic propagator is purely longitudinal while the bosonic
propagator factorizes into the transverse and the longitudinal parts. The transverse part
after integration becomes an effective four particle coupling constant G thereby making the
theory effectively two dimensional. This provides a field theoretic explanation for Lipatov’s
QEU approximation. We also compute the higher order diagrams perturbatively in the
coupling constant G. Remarkably, these perturbative terms may be summed over for each
irreducible isospin factors which is effectively equivalent to replacing the coupling constant
G by the ‘Reggeized’ coupling G˜ = G/(1 − 1
2
cvG ln s) where cv is the quadratic Casimir
in the adjoint representation of the color group. In the restriction to the abelian case, the
scattering amplitude manifests the eikonalizing behavior.
In order to describe the high energy forward scatterings, we consider the the scaling
argument of Verlinde’s which is given by rescaling of the longitudinal coordinates xα and
transverse coordinates xi[2];
xα → λxα , xi → xi, with Aα → λ
−1Aα , Ai → Ai. (3)
This separates the Yang-Mills action into the strongly and the weakly coupled parts;
SYM =
1
2
∫
tr(EαβFαβ + FαiF
αi) +
λ2
4
∫
tr(EαβE
αβ + FijF
ij), (4)
where the auxiliary field Eαβ is introduced to avoid the singular behavior of λ
−2FαβF
αβ
in the action. The high energy limit is obtained by λ → 0, where the Yang-Mills action
becomes
S1 =
1
2
∫
tr(EαβFαβ + FαiF
αi), (5)
whereas the truncated quark action takes the form
S2 =
∫
ψ¯γα(∂α + gAα)ψ. (6)
The Lagrange multiplier Eαβ , when eliminated, requires Fαβ = 0 which we solve for gAα =
∂αUU
−1 so that Eq.(5) becomes
S1[U,Ai] =
1
2g2
∫
tr[∂α(U
−1(∂i + gAi)U)]
2. (7)
Instead of using Ai and U , we make field redefinitions; ai ≡ U
−1AiU and U ≡ exp(gφ). We
fix the gauge by ∂iai = 0 which we solve in terms of a scalar field α such that ai = ǫij∂jα.
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Notice that our field redefinition respects the scaling approximation, i.e. ai is invariant under
the scaling Eq.(3), which is necessary in order not to mix strongly and weakly coupled parts
of Eq.(4). Field redefinition, for example, ai = U
−1(∂i + gAi)U which makes the transverse
part Ai completely decouple from the action, breaks the scaling approximation and thus is
not allowed. The Jacobian of changing variables from Ai to α is simply one. The virtue of
using α is that it makes φ and α decouple in the lowest order of the action,
S1 =
∫
tr{
1
4
∂+∂iφ∂−∂iφ+
1
4
∂+∂iα∂−∂iα +
g
4
∂+∂iφ∂−[∂iφ, φ]−
g
4
∂+α∂−[∂iφ, ǫij∂jφ]
+
g2
12
∂+∂iφ∂−[[∂iφ, φ], φ] +
g2
16
∂+[∂iφ, φ]∂−[∂iφ, φ]−
g2
12
∂+αǫij∂j∂−[[∂iφ, φ], φ]
+O(g3)}+ {+↔ −}, (8)
and
S2 =
∫
ψ¯γα(∂α + g∂αφ+O(g
2))ψ . (9)
Also, the propagators of φ and α factorize into the transverse and the longitudinal parts;
1
(p2⊥ + iǫ)(p
2
‖ + iǫ)
. (10)
The factorization of propagators is an essential feature in the Lipatov’s QEU approximation.
We demonstrate this through the calculation of the box diagram for the u and s-channel in
the S-matrix. The quark-quark scattering amplitude T is given as follows, with the kinematic
factors x, y are given by x = ln−Λ/s, y = lnΛ/s, and
✛
✲
T = + 2πiG + 2πiG2
(
x + (−y)
)
 
 
 
 
❅
❅
❅
❅
+ · · ·
Fig. 1
The box diagram in the s-channel in Fig.1 gives rise to
∫
d2k‖d
2k⊥AfermiAgluonG2 ≡ f2G2
where G2 is the group factors G2 ≡ (
∑
a T
L
a T
R
a )
2 and
Afermi =
u¯(p1)γ
+( 6 p1− 6 k)γ
+u(p1)
[(p1 − k)2 + iǫ]
×
u¯(p2)γ
−(− 6 p2− 6 k)γ
−u(p2)
[(−p2 − k)2 + iǫ]
(11)
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and
Agluon =
k2‖(q‖ − k‖)
2
k2⊥k
2
‖(q⊥ − k⊥)
2(q‖ − k‖)2
. (12)
We have chosen the external momenta of quarks to be p1 = (w, 0, 0,−w), p2 = (w, 0, 0, w) or
p1+ = p2− = 0 so that u¯(p1)γ
−u(p1) = p1+ = 0 , u¯(p2)γ
+u(p2) = p2− = 0. The numerator in
Agluon comes from the interacting vertex in Eq.(9). Therefore f2 reduces to
f2 =
∫
dk+dk−
[(p1 − k)− +
iǫ
(p1−k)+
][(−p2 − k)+ +
iǫ
(−p2−k)−
]
∫
d2k⊥
k2⊥(q⊥ − k⊥)
2
(p1 + p2)
2. (13)
Note that the k+(k−)-integral in Eq.(13) agrees with the Lipatov’s QEU approximation for
a diagrammatic representation of the scattering matrix. Higher order Feynman diagrams
from the action Eqs.(8) and (9) may be computed similarly. Here, we restrict ourselves only
to subsets of higher order digrams which appear in the QEU approximation. These higher
order diagrams can be computed recursively from the box diagram by using the dispersion
and the unitarity conditions without explicit evaluation of each Feynman diagrams[4]. The
result for the scattering amplitude is
T = 1 + 2πi
∞∑
n=1
Gn(Pn−1(x) +Qn−1(y)), (14)
and
P0 = Q0 =
1
2
[1]
P1(x) = [12]x, Q1(y) = −P
T
1 (y) = [21](−y)
P2(x) = [123]x
2 + ([132] + [213])(−
1
2
x2 −
1
6
π2), Q2(y) = (P
T
2 (y))
P3(y) = [1234]x
3 + ([2134] + [1243])(−
1
2
x3 −
1
6
π2x) + [1324](−
1
3
x3 +
1
3
π2x)
+ ([2314] + [3124] + [1342] + [1423])(−
1
6
x3 −
1
3
π2x)
+ ([3214] + [2143] + [1432])(
1
3
x3 +
1
3
π2x) , Q3(y) = −P
T
3 (y) . (15)
The permutation [n1, n2, · · ·] of a set of positive consecutive integers (1, 2, · · ·) represents an
isospin factor of permutation type
[n1, n2, · · ·] ≡
dimG∑
a1,a2,···=1
TLa1T
L
a2
· · ·TRan1T
R
an2
· · · , (16)
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for example, [213] =
∑
a,b,c T
L
a T
L
b T
L
c T
R
b T
R
a T
R
c . In the above, T
R
a and T
L
a are the nonabelian
charges of the left and right moving quarks respectively. P T (y) is the same as P (y) except
the isospin factors [n1, n2, · · · , ni] are replaced by the reversly ordered ones [ni, · · · , n2, n1].
However, the isospin factors in Eq.(16) are not unique; they can be rearranged in terms of
other isospin factors. For example
[21] =
∑
a,b
TLa T
L
b T
R
b T
R
a =
∑
a,b
TLa T
L
b (T
R
a T
R
b + ifbacT
R
c )
=
∑
a,b
TLa T
L
b T
R
a T
R
b +
cv
2
∑
a
TLa T
R
a = [12] +
cv
2
[1]. (17)
Similarly, higher order isospin factors can also be rearranged, e.g. the isospin factor [3412]
can be depicted pictorially by the following diagram:
 
 
 
 
 
 
 
 
❅
❅
❅
❅
❅
❅
❅
❅
[3412]
=
[1234]
+ 2cv
[123]
+ 1
2
c2v
[12]
− 1
2
cv r r
[H ]
r r−
[H1]
r r−
[H2]
r r−
[H3]
❅
❅
❅
❅
rr−
[H4]
Fig 2
Since each vertex carries ifabc, the isospin factors of non-permutation type, e.g. the
[H ]-diagram is defined as follows:
=
∑
abcde(ifabd)(ifaec)T
L
b T
L
c T
R
d T
R
er r
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Other isospin factors ofH-type appearing in Fig.2 can be written down easily by attaching
extra Ta factors to the H-diagram[5]. By rearranging diagrams in Eq.(15), we have an
equivalent expression for the scattering amplitude in terms of irreducible isospin factors,
T = 1 + 2πi[1](G−
cv
2
G2y +
c2v
4
G3y2 −
c3v
8
G4y3) + 2πi[12](−iπ)(G2 − cvG
3y +
3
4
c2vG
4y2)
+2πi[123](−
2
3
π2)(G3 −
3
2
cvG
4y) + 2πi[1234](
i
3
π3)G4 + 2πi[H ](
π2
3
)(G3 −
3
2
cvG
4y)
+2πi([H1] + [H2])(−
iπ3
3
G4) + 2πi([H3]− [H4])(−
π2
3
G4y2) (18)
This clearly shows that the perturbative series for each irreducible isospin factor can be
summed into a closed form which is equivalent to attaching to each vertex a modified coupling
constant G˜ = G/(1 − 1
2
cvG ln s). Note that this modification of the coupling constant G,
which effectively modifies the propagator through Eq.(2), resembles the Regge behavior of the
gluon propagator in the conventional perturbative QCD. In the abelian case where cv = 0 and
H-type isospin factors disappear, the amplitude can be summed into T−1 = 1−exp(−2iπG)
which manifests the eikonalizing behavior.
To compare our result with that of previous perturbative QCD calculations[5], we may
rewrite the result in the momentum space where the coupling G becomes
∫
d2ρG(ρ)ei∆ρ =
g2
2π∆2∫
d2ρG2(ρ)ei∆ρ =
(
g2
2π
)2 ∫
d2q
(2π)2
1
q2(∆− q)2
≡
g4
4π2
I(∆) (19)
∫
d2ρG3(ρ)ei∆ρ =
(
g2
2π
)3 ∫
d2q1
(2π)2
d2q2
(2π)2
1
q21q
2
2(∆− q1 − q2)
2
≡
g6
8π3
I1(∆)
∫
d2ρG4(ρ)ei∆ρ =
(
g2
2π
)4 ∫
d2q1
(2π)2
d2q2
(2π)2
d2q3
(2π)2
1
q21q
2
2q
2
3(∆− q1 − q2 − q3)
2
≡
g8
16π3
I2)(∆),
so that the amplitude is given by
is
2m2
(T − 1) = −
sg2
2m2
1
∆2
(1 + α ln s+ α2
I1
∆2I2
ln2 s+ α3
I2
∆4I3
ln3 s)[1]
+
is
4m2
(g4I +
ng6
2π
ln s I1 +
3n2
16π2
g8 ln2 s I2)[12] (20)
−
sg6
24m2
(I1 +
3n
4π
g2 ln s I2)[H ] +
sg6
12m2
(I1 +
3n
4π
g2 ln s I2)[123]
−
isg8
48m2
I2([1234]− [H1]− [H2])−
sg8
48m2π
ln s I2([H3]− [H4]),
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where α(∆) = 3g
2
4π
∆2I(∆) This agrees with previous perturbative calculation up to contribu-
tions coming from diagrams neglected in the QEU approximation. It is remarkable that our
effective action within the QEU approximation shows eikonalizing and Regge behaviors. We
emphasize again that even though our effective action has propagators of two dimensional
nature, the action itself can not be reduced to two dimensional effective action unlike previ-
ous attempts[2]. It is an outstanding open problem to include interaction terms outside of
the QEU approximation within the effective action considered here.
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